Abstract. We introduce a new class of monomial ideals which we call symmetric shifted ideals. Symmetric shifted ideals are fixed by the natural action of the symmetric group and, within the class of monomial ideals fixed by this action, they can be considered as an analogue of stable monomial ideals within the class of monomial ideals. We show that a symmetric shifted ideal has linear quotients and compute its (equivariant) graded Betti numbers. As an application of this result, we obtain several consequences for graded Betti numbers of symbolic powers of defining ideals of star configurations.
Introduction
The study of graded Betti numbers of graded ideals in a polynomial ring is one of the central topics in commutative algebra. It has always been of great interest to find combinatorial formulas for these numbers for various families of monomial ideals. In this paper, we introduce a new class of monomial ideals, which we call symmetric shifted ideals, and compute their graded Betti numbers.
For the definition of these ideals, we first provide some necessary notation. Let S = k[x 1 , . . . , x n ] be a standard graded polynomial ring over a field k. For a = (a 1 , . . . , a n ) ∈ Z n 0 , we write x a = x a 1 1 · · · x an n and |a| = a 1 + · · · + a n . We consider an action of the symmetric group S n on S defined by permutations of the variables and focus on S n -fixed monomial ideals I ⊂ S, that is to say, monomial ideals I ⊂ S with σ(I) = I for all σ ∈ S n . Such ideals have recently attracted attention as elements of ascending chains of ideals that are invariant under actions of symmetric groups (see, e.g., [AH07, Dr14, HS12, LNNR18a, LNNR18b, NR17] ).
We say that a sequence λ = (λ 1 , . . . , λ n ) of non-negative integers is a partition of d of length n, if λ 1 · · · λ n and |λ| = d. Let P n = {(λ 1 , . . . , λ n ) ∈ Z n : 0 λ 1 λ 2 · · · λ n } be the set of partitions of length n. For a monomial u = x a 1 1 · · · x an n of degree d, we write part(u) ∈ Z n 0 for the partition obtained from (a 1 , . . . , a n ) by permuting its entries in a suitable way. For example, part(x 2 1 x 0 2 x 1 3 x 2 4 ) = (0, 1, 2, 2). If a monomial ideal I ⊂ S is S n -fixed, then a monomial u is in I if and only if x part(u) is in I. Thus, the set and 1 k < l n with λ k < λ l , one has x λ (x k /x l ) ∈ I. We may also refer to these ideals simply as shifted and strongly shifted ideals.
In the following remarks, we note that the above properties can be defined purely in terms of partitions.
Remark 1.2. Let I ⊂ S be an S n -fixed monomial ideal. Denote by e i the i-th standard basis vector of Z n . If for every λ = (λ 1 , . . . , λ n ) ∈ P(I) with j = min{k : λ k = λ n } and for every partition λ − e j + e i with i < j we have λ − e j + e i ∈ P(I), then I is shifted. Remark 1.3. For partitions λ = (λ 1 , . . . , λ n ), µ = (µ 1 , . . . , µ n ), we define µ λ if µ k + · · · + µ n λ k + · · · + λ n for all k.
The partial order ⊳ is known in the literature as the dominance order (see, e.g., [Sta99, §7.2] ). An S n -fixed monomial ideal I is strongly shifted if and only if, for every λ, µ ∈ P n with |λ| = |µ|, λ ∈ P (I) and µ λ imply µ ∈ P(I).
The definition of shifted and strongly shifted ideals is inspired by the definition of stable and strongly stable ideals, which are important classes of monomial ideals since, e.g., in characteristic zero generic initial initials are strongly stable. Recall that Eliahou and Kervaire [EK90] constructed minimal graded free resolutions of stable ideals and gave a simple formula for their graded Betti numbers in terms of the data of their minimal systems of monomial generators. The main results of this paper are the following formulas for graded Betti numbers of symmetric shifted ideals.
(1) We prove that every symmetric shifted ideal I has linear quotients (Theorem 3.2). This allows us to give a formula for its graded Betti numbers in terms of its monomial generators G(I) (Corollary 3.4). (2) We also give a formula for the graded Betti numbers of a symmetric shifted ideal I in terms of its partition generators {λ ∈ P n : x λ ∈ G(I)} (Corollary 5.6). (3) We compute equivariant graded Betti numbers of a symmetric shifted ideal I. In other words, we determine the k[S n ]-module structure of Tor i (I, k) j (Corollary 6.2). Our initial motivation for defining symmetric shifted ideals comes from the study of minimal graded free resolutions of symbolic powers of star configurations. A codimension c star configuration is a union of linear subspaces of a projective space P N of the form
where H 1 , . . . , H n are distinct hyperplanes in P N such that the intersection of any j of them is either empty or has codimension j and where 1 c min{n, N }. The name is motivated by the special case of 10 points located at pairwise intersections of 5 lines in the projective plane, with the lines positioned in the shape of a star. Let L 1 , . . . , L n be defining linear forms of H 1 , . . . , H n . Then the defining ideal of V c is given by I Vc = 1 i 1 <···<ic n (L i 1 , . . . , L ic ) and its m-th symbolic power can be written as
is a minimal prime of I Vc and it is generated by a regular sequence; see, e.g., [ZS75, Appendix 6, Lemma 5]. These ideals I Vc and I
(m)
Vc have been extensively studied from the point of view of algebra, geometry, and combinatorics in [AS12, AS14, BDRH+09,  BH10, CCG08, CGVT14, CHT11, Fra08, FMN06, GHM13, GHMN15, GMS06, MN05, PS15, Sch82, TVAV11, Var11 ]. In particular, the Betti numbers of the defining ideal of a star configuration and its symbolic square have been determined in [GHM13, Remark 2.11, Theorem 3.2].
It is known that the study of the minimal graded free resolution of I (m)
Vc can be reduced to the monomial case. Let I n,c be the monomial ideal of S = k[x 1 , . . . , x n ] defined by
Then the minimal graded free resolution of I (m) Vc is completely determined by that of I (m) n,c . In particular, it was shown that these two ideals have the same graded Betti numbers (see [GHMN15, Theorem 3.6] , where the more general case of hypersurface or matroid configurations is considered). Obviously the ideal I (m) n,c is S n -fixed. As one of our main results we prove (in Theorem 4.3) that:
n,c is strongly shifted. Since we find a formula for the graded Betti numbers of symmetric shifted ideals, this result gives various information on graded Betti numbers of symbolic powers of star configurations, including their Castelnuovo-Mumford regularity, a simple formula for the Betti numbers in the top and bottom rows of the Betti table, an explicit formula for the Betti numbers of the symbolic cube, and more (see the results in Section 3).
This paper is organized as follows: In Section 2, we study some combinatorial properties of symmetric shifted ideals. In Section 3, we prove that symmetric shifted ideals have linear quotients, and in Section 4 we apply the results in Section 3 to symbolic powers of star configurations. In Sections 5 and 6, we compute the (equivariant) graded Betti numbers of symmetric shifted ideals.
Symmetric shifted ideals
In this section, we discuss some basic properties of symmetric shifted ideals. For a monomial u ∈ S, we write S n · u for the S n -orbit of u in S, i.e., S n · u = {σ(u) : σ ∈ S n }. The set P n can be regarded as a poset with the order defined by λ µ if x µ divides x λ . Then the set P(I) is an ideal of the poset P n , that is to say, for µ ∈ P(I) and λ ∈ P n , one has λ ∈ P(I) if λ µ. The next lemma shows that the assignment I → P(I) defines a one-to-one correspondence between S n -fixed monomial ideals in S and ideals in P n .
Lemma 2.1. Let λ, µ ∈ P n . There exist monomials u ∈ S n · x µ and w ∈ S n · x λ such that u divides w if and only if x µ divides x λ . This implies that the partition µ contains at least k entries smaller than or equal to λ k . Therefore µ k λ k for all k, and x µ divides x λ .
Throughout the rest of the paper, we will say that µ ∈ P n divides λ ∈ P n if x µ divides x λ . Next, we show that to check the conditions of symmetric (strongly) shifted ideals, it is enough to check them on generators. Let I be a monomial ideal. We write G(I) for the unique set of minimal monomial generators of I. When I is S n -fixed, we define Λ(I) = {λ ∈ P (I) : x λ ∈ G(I)}.
Note that G(I) = λ∈Λ(I) S n · x λ , where denotes a disjoint union of sets. As the next statement shows, to check I is shifted it is enough to check the condition of Definition 1.1 for partitions in Λ(I).
Lemma 2.2. Let I ⊂ S be an S n -fixed monomial ideal. Then I is shifted if and only if, for every λ = (λ 1 , . . . , λ n ) ∈ Λ(I) and 1 k < n with λ k < λ n , one has x λ (x k /x n ) ∈ I.
Proof. The "only if" part is obvious. We prove the "if" part. Let λ = (λ 1 , . . . , λ n ) ∈ P(I) and 1 k < n with λ k < λ n . We claim
An analogous statement holds for symmetric strongly shifted ideals. We omit the proof since it is essentially the same as the one for symmetric shifted ideals.
Lemma 2.3. Let I ⊂ S be an S n -fixed monomial ideal. Then I is strongly shifted if and only if, for every λ = (λ 1 , . . . , λ n ) ∈ Λ(I) and 1 k < l n with λ k < λ l , one has x λ (x k /x l ) ∈ I. The ideal I is strongly shifted and is minimally generated by the following ten monomials:
] be the S 4 -fixed monomial ideal with Λ(I) = {(1, 1, 2, 2), (0, 2, 2, 2), (0, 1, 2, 3)}.
Then I is shifted but not strongly shifted since (0, 1, 2, 3) ∈ P(I) but (1, 1, 1, 3) ∈ P(I).
For a partition λ = (λ 1 , . . . , λ n ), we define the quantities
We also introduce the truncation of the partition λ by setting
for k = 1, 2, . . . , n. Let < lex be the total order on Z n 0 defined by a = (a 1 , . . . , a n )
(ii) |a| = |b| and the leftmost non-zero entry of (a 1 − b 1 , . . . , a n − b n ) is positive.
Remark 2.6. Our definition of the order < lex is the opposite of the more familiar lexicographic order for monomials (cf. [CLO07, Ch. 2 §2]). This is necessary to ensure compatibility with our definition of partitions as non-decreasing sequences.
We establish another result that will be used in later sections.
Lemma 2.7. Let I be a symmetric shifted ideal. For every µ ∈ P (I), there is a unique λ ∈ Λ(I) such that (a) λ divides µ, and
Proof. Let µ = (µ 1 , . . . , µ n ) ∈ P(I). Let
{ρ ∈ Λ(I) : ρ divides µ} and p = p(λ). Clearly λ satisfies condition (a). We claim that λ fulfills also (b), that is to say,
Suppose to the contrary that there is k p such that λ k < µ k . Then w = x λ (x k /x n ) divides x µ and, by definition of symmetric shifted ideals, we have w ∈ I. Let λ ′ = part(w). Note that λ ′ = λ since λ k < λ n − 1. Then λ ′ divides µ by Lemma 2.1 and there is a ρ ∈ Λ(I) that divides λ ′ ∈ P(I). However, such a ρ satisfies ρ lex λ ′ < lex λ, contradicting the minimality of λ.
Next, we prove uniqueness. Suppose that λ, λ ′ ∈ Λ(I) satisfy conditions (a) and (b). We prove λ = λ ′ . Let p = p(λ) and p ′ = p(λ ′ ). We may assume p p ′ . By condition (b), λ and λ ′ are of the form
and λ ′ n − 1 > µ p ′ λ n − 1. But these inequalities say that λ properly divides λ ′ , contradicting λ, λ ′ ∈ Λ(I). Hence p = p ′ . However, given the shape of λ and λ ′ , p = p ′ implies that either λ divides λ ′ or λ ′ divides λ. Since λ, λ ′ ∈ Λ(I), λ must be equal to λ ′ as desired.
Symmetric shifted ideals have linear quotients
A monomial ideal I ⊂ S is said to have linear quotients if there is an order u 1 , . . . , u s of monomials in G(I) such that the colon ideal (u 1 , . . . , u k−1 ) : u k is generated by variables for all k = 2, 3, . . . , s. A nice consequence of having linear quotients is that we can easily compute the graded Betti numbers from the above colon ideals. Recall that, for a graded ideal I ⊂ S, graded Betti numbers of I are the numbers β i,j (I) = dim k Tor i (I, k) j . Herzog and Takayama produced a formula for the bigraded Poincaré series of a monomial ideal with linear quotients [HT02, Corollary 1.6]:
Theorem 3.1. With the same notation as above,
Next, we present our first main result about symmetric shifted ideals.
Theorem 3.2. Symmetric shifted ideals have linear quotients.
Using the same notation as in Section 2, we define a total order on the set of monomials in S.
Proof of Theorem 3.2. Let I ⊂ S be a symmetric shifted ideal and fix a monomial u = σ(x λ ) ∈ G(I) with λ = (λ 1 , . . . , λ n ) ∈ Λ(I). Let p = p(λ) and r = r(λ). Thus, we have
. We also define the quantity
This proves that I has linear quotients. We prove the containment "⊇" holds in (3.1). We first prove x σ(k) u ∈ J for 1 k p. In this case we have λ k < λ n − 1 < λ n . Together with the fact that u ∈ I, this implies x λ (x k /x n ) ∈ I because I is shifted. It follows that the monomial
is also in I because I is S n -fixed. By definition, we have part(w) < lex λ, so w ≺ u. This implies w ∈ J. Therefore we have
Next we prove x σ(k) u ∈ J whenever p + 1 k n − r and σ(k) < max(u). In this case, the monomial w = u(x σ(k) /x max(u) ) ∈ I is obtained from u by permuting variables so part(w) = λ. However, σ(k) < max(u) implies w < lex u. Again we have w ≺ u and w ∈ J, so x σ(k) u = x max(u) w ∈ J as desired.
We prove the containment "⊆" holds in (3.1). Let z ∈ S be a monomial not divisible by any variable in the set
We can write zu as
where b i λ i λ n − 1 for all i p + 1 and b i = λ n − 1 for all p + 1 i n − r with σ(i) < max(u). We must prove that zu / ∈ J. Assume, by contradiction, that zu ∈ J. By Equation (3.2), we have that:
(a) λ divides part(zu), and (b) λ p = part(zu) p . Since λ = part(u) ∈ Λ(I), Lemma 2.7 guarantees that λ is the unique partition in Λ(I) satisfying properties (a) and (b). Now define the ideal
Note that J ′ is S n -fixed and shifted because I is. Moreover Λ(J ′ ) ⊂ Λ(I) and λ ∈ Λ(I) \ Λ(J ′ ). Hence, zu / ∈ J ′ by Lemma 2.7. Since zu ∈ J, there is a monomial w ∈ G(J) that divides zu. Because zu / ∈ J ′ , we deduce that w / ∈ G(J ′ ) so part(w) lex λ. At the same time, w ∈ G(J) gives w ≺ u, so part(w) lex λ. This forces part(w) = λ, therefore w = τ (x λ ) for some τ ∈ S n . More explicitly, w is of the form
Comparing with Equation (3.2), we get
Observe that λ σ −1 (k) and λ τ −1 (k) are the exponents of
for all 1 k n, then u = w, which contradicts w ≺ u. Therefore it makes sense to define ℓ = min{k :
and to write ℓ = σ(q) for some 1 q n. By Equation (3.3), we have
Since w = τ (x λ ) < lex σ(x λ ) = u by the definition of ≺, we actually have λ τ −1 (ℓ) = λ n and λ q = λ σ −1 (ℓ) = λ n − 1. Also, since w = u, there is m > ℓ such that λ τ −1 (m) = λ n − 1 and λ σ −1 (m) = λ n . This shows that
and therefore b q = λ n − 1. However, this contradicts the fact that w divides zu since the exponent of x ℓ in w is λ n but the exponent of
] be the symmetric shifted ideal with
The ideal I has 34 generators. We arrange them in an increasing sequence using the order ≺ described at the beginning of this section, and we denote them u 1 , . . . , u 34 . We also set I i−1 = (u 1 , . . . , u i−1 ) for 2 i 34. Table 1 shows all the linear quotients I i−1 : (u i ) of the ideal I in the given order of the generators. All computations were performed using Macaulay2 [GS] .
Using these results together with Theorem 3.2, we can give a formula for graded Betti numbers of symmetric shifted ideals. For a monomial u = σ(x λ ), recall our earlier notations:
and let
The next result follows from Theorem 3.1 and Equation (3.1). 
Corollary 3.4. Let I be a symmetric shifted ideal. Then for all i, j one has
Example 3.5. Consider the ideal I of Example 3.3. Using Corollary 3.4 and the information in Table 1 , we obtain the following Betti In this section, we apply the results in the previous section to symbolic powers of star configurations. Recall that I n,c is the monomial ideal of S = k[x 1 , . . . , x n ] defined by
and the m-th symbolic power of I n,c is given by
We will show that I
n,c is actually a symmetric strongly shifted ideal. n,c is S n -fixed. Moreover
Proof. Equation (4.1) immediately implies that I (m) n,c is S n -fixed because each element of S n acts by permuting the primary components of the ideal.
If
Hence, x λ ∈ (x i 1 , . . . , x ic ) m . Thus, the statement about P (I We now discuss the main result of this section. n,c is strongly shifted.
n,c ) and 1 k < l n with λ k < λ l . Define v = x λ (x k /x l ) and µ = part(v). We have |µ c | |λ c |. Thus, by Proposition 4.1, we get |µ c | m and v ∈ I (1) The degree j strand in the Betti table of I (m) n,c is nonzero only when j belongs to {m+k(n−c) : k = 1, 2, . . . , m}, that is,
n,c ) = 0 for all i 0 and j ∈ {m + k(n − c) : k = 1, 2, . . . , m}. n,c is given by the following formula: n,c coincides with that of the ideal generated by {σ(x c−m ′ +1 · · · x n ) : σ ∈ S n }. This is the ideal generated by all squarefree monomials of degree m ′ + n − c, whose Betti numbers can be found in[Ga18, Thm. 2.1].
To see (5), observe that for every q + 1 < k m, there is a monomial u k ∈ G(I ), and p(λ) = c − 2, r(λ) = n − c + 1. We also have n − c + 1 max(u) n. It follows that |C(u)| = c − 2 if σ(c − 1) max(u), and |C(u)| = c − 1 if σ(c − 1) < max(u). We count how many monomials we have in each case.
To produce a monomial u with |C(u)| = c − 2, we can first choose which variables have degree zero. Among the remaining variables, the single one having degree one must appear last. This can be accomplished in n c−2 ways. To produce a monomial u with |C(u)| = c − 1, we can first choose which variables have degree zero. Next we can choose any one the remaining variables except the last one to appear with degree one. This can be accomplished in Remark 4.8. It follows immediately from Corollary 4.6 that the third symbolic defect of I n,c is n c−2 (n − c + 2). We refer the reader to [GGSVT18] for the definition of symbolic defect and [GGSVT18, Corollary 3.17] for a previously known bound.
Decompositions of symmetric shifted ideals
For r n, let J [n],r be the ideal of S = k[x 1 , . . . , x n ] generated by all squarefree monomials of degree r. The ideal J [n],r is actually the same as the ideal I n,n+1−r in the previous section, but we introduce a new notation to simplify the proofs in Sections 5 and 6. Note that J [n],r is S n -fixed and shifted. Its equivariant resolution has been described in [Ga18, Theorem 4.11]. In the following two sections we extend this result to an arbitrary symmetric shifted ideal I (see Theorem 6.1). This will be done in two steps. In this section, we establish a coarse decomposition of Tor i (I, k) i+d (see Theorem 5.4). This will be refined in the next section.
We need some further notation. Let Mon(S) be the set of all monomials in S. For monomial ideals I ⊃ J of S, we write Mon(I/J) = {u ∈ Mon(S) : u ∈ I, u ∈ J}.
When both I and J are S n -fixed, we write P(I/J) = {λ ∈ P n : λ ∈ P(I), λ ∈ P(J)}.
We note that Mon(I/J) is a k-basis of I/J.
Let λ = (λ 1 , . . . , λ n ) be a partition and p = p(λ). The following S-module N λ plays an important role in our results:
We start by discussing some basic properties of the module
A the maximal ideal of S A , and J A,r ⊂ S A the ideal of S A generated by all squarefree monomials of degree r in S A . For a = (a 1 , . . . , a k ), we write as above
Lemma 5.1. Let λ = (λ 1 , . . . , λ n ) be a partition, p = p(λ) and r = r(λ). Then
Proof. Equation (5.2) easily follows from (5.1). Hence, we only need to show (5.1). We first prove the inclusion "⊂". Let u ∈ Mon(N λ ). Then there is σ ∈ S n such that σ(
Since u is not contained in the ideal (σ(x i x λ ) : 1 i p, σ ∈ S n ), we have a 1 = λ 1 , . . . , a p = λ p . Also, since σ(x λ ) divides u, a k λ n − 1 for p < k n − r, and a k λ n for k n − r + 1. These inequalities imply that, by setting A = {σ(1), . . . , σ(p)},
for some w ∈ Mon(S A ), which shows that u is contained in the right hand side of (5.1). Next, we prove the inclusion "⊃" in (5.1). Let u = m(x A ) λn−1 w with m ∈ S A · x λ p A and w ∈ Mon(J A,r ). By taking a permutation τ ∈ S n appropriately,
. Moreover, we may choose τ so that α is divisible by x n−r+1 · · · x n . Then x λ divides τ (u) and u ∈ (σ(x λ ) : σ ∈ S n ). We claim that u is not contained in the ideal J = (σ(x i x λ ) : 1 i p, σ ∈ S n ). We already see in (5.3) that if µ = type(u) then µ is of the form µ = (λ 1 , . . . , λ p , µ p+1 , . . . , µ n ).
Observe that Λ(J) = {λ + e i : 1 i p, λ + e i ∈ P n }, where e i is the i-th standard basis vector of Z n . Since no element in Λ(J) divides µ, by Lemma 2.1 the monomial u ∈ S n · x µ is not contained in J. We finally show that the right-hand side of (5.1) is indeed a disjoint union. To show this, it is enough to prove that for each u = x a 1 1 · · · x an n that is contained in the right-hand side of (5.1) there is a unique subset A ⊂ [n] with |A| = p and m ∈ S A · x λ p A such that u = mα with α ∈ S A . Indeed, since |{k : a k < λ n − 1}| = p by the shape of monomials in the right-hand side of (5.1), such a set A must be equal to the set {k : a k < λ n − 1}, and a monomial m must be i∈A x a i i .
Next, we decompose N λ into smaller modules which have a simpler structure but are not fixed by the action of S n . Let λ ∈ P n be a partition, p = p(λ) and r = r(λ). For A ⊂ [n] with |A| = p and m ∈ S A · x λ p A , we define
Recall that, for X ⊂ [n], J X,r is the monomial ideal of S X generated by all squarefree monomials of degree r in S X and m X = (x i : i ∈ X) is the maximal ideal of S X . Since (λ p+1 , . . . , λ n ) = (λ n − 1, . . . , λ n − 1, λ n , . . . , λ n )
where λ n appears r times, N λ A,m is generated by monomials {m(x A ) λn−1 x T : T ⊂ A, |T | = r} and every monomial in N λ A,m is divisible by m(x A ) λn−1 . Thus, by the map f → f /(m(x A ) λn−1 ), we have an isomorphism
where we consider that the last module is a module over S = S A ⊗ k S A .
Lemma 5.2. Let λ ∈ P n be a partition,
Proof. Statement (i) follows from (5.4). To prove (ii), it is enough to show that for any {j 1 , . . . , j r } ⊂ A, one has ann
where ann M (h) = {f ∈ S : hf = 0} for an S-module M and h ∈ M . The inclusion "⊃" is clear from the definition of N λ A,m . To see the inclusion "⊂", we must prove that for any monomial u in S A , m(x A ) λn−1 x j 1 · · · x jr u is non-zero in N λ , and this follows from Lemma 5.1. Statement (iii) follows from (i) and Lemma 5.1. We now prove the main result of this section.
Theorem 5.4. If I ⊂ S is a symmetric shifted ideal, then as k[S n ]-modules we have
To prove the above theorem, we first show the following statement.
Lemma 5.5. Let I be a symmetric shifted ideal and Λ(I) = {λ (1) , . . . , λ (t) } with λ (1) < lex · · · < lex λ (t) . Let I k ⊆ I be the S n -fixed monomial ideal with Λ(I k ) = {λ (1) , . . . , λ (k) } for k = 1, 2, . . . , t.
Then, for k = 1, 2, . . . , t,
as S-modules, where I 0 = (0).
Proof. Observe that I k is shifted and
Since for monomial ideals I, J, J ′ with I ⊃ J and I ⊃ J ′ , we have I/J = I/J ′ if and only if Mon(I/J) = Mon(I/J ′ ), it is enough to prove P(
) and r = r(λ (k) ). Then we have
where we use Lemma 2.7 for the third equality and Lemma 5.1 for the last one.
Proof of Theorem 5.4. Let Λ(I) = {λ (1) , . . . , λ (t) } with λ (1) < lex · · · < lex λ (t) and let I k be as in Lemma 5.5. Then we have the short exact sequence
We prove Tor
, k) using induction on k. Note that by Corollary 5.3 this implies the desired statement.
By the definition of the shifted property, the partition λ (1) must be a partition of the form λ (1) = (a, a, . . . , a, a + 1, . . . , a + 1). Thus, p(λ (1) ) = 0 and
Hence, the assertion holds when k = 1. Suppose k > 1. Since |λ (1) | · · · |λ (t) |, using the inductive hypothesis we get
is generated in degree |λ (l) | and has a linear resolution by Corollary 5.3. The short exact sequence in (5.5) induces the exact sequence
Also, since reg(
Then (5.6), (5.7) and (5.8) imply
These isomorphisms prove the desired statement.
Using Theorem 5.4, it is possible to give a closed formula of graded Betti numbers of a symmetric shifted ideal I in terms of its partition generator Λ(I). Let λ ∈ P n with |λ| = d, p = p(λ) and r = r(λ). Then by (5.4) we have
where we use the fact that
It is well-known that
Hence, by Lemma 5.2(iii)
Thus, using Theorem 5.4, we obtain the following formula, which may be viewed as a more explicit version of the formula given in Corollary 3.4.
Corollary 5.6. If I ⊂ S is a symmetric shifted ideal, then
n,n+1−r ). Then I is generated by two partitions λ = (0 n−r−1 , 1 r+1 ) and µ = (0 n−r , 2 r ), where a i denotes (a, a, . . . , a) ∈ Z i . In this case, p(λ) = 0, r(λ) = r + 1, p(µ) = n − r and r(µ) = r. Corollary 5.6 says
This recovers Corollary 4.5.
Equivariant Betti numbers
While Corollary 5.6 gives a closed formula for the graded Betti numbers of symmetric shifted ideals, the formula is not simple. To understand these numbers better, we refine the decomposition of Tor i (I, k) given in Theorem 5.4. In this section, we give an explicit description of the k[S n ]-module structure of Tor i (I, k) for a symmetric shifted ideal I by using Theorem 5.4, and explain how it helps to determine Betti numbers of these ideals by examples. We refer the reader to [Sa01] for some basics on representation theory, such as induced representations and Specht modules.
For a monomial m ∈ S A , let M A (m) = span k {σ(m) : σ ∈ S A }. We denote by Ind (N λ , k) . Thus, to understand the k[S n ]-module structure of Tor i (I, k) it is enough to consider the k[S n ]-module structure of Tor i (N λ , k) .
Let λ ∈ P n , p = p(λ) and r = r(λ). For each subset A ⊂ [n] with |A| = p, fix a permutation
By Lemma 5.2(iii) and (5.4), we have an isomorphism (up to shift of degrees)
Hence, we conclude that N λ is isomorphic to the module (6.1) as k[S n ]-modules. Note that as an [p] . Recall that, for an S A -module N and an S A -module M , there is an isomorphism
Then the decomposition in (6.1) shows that we have an isomorphism of k[S n ]-modules
Let S λ be the Specht module associated to the partition λ = (λ 1 , . . . , λ p ) with λ 1 > 0 (see, e.g.,
Galetto [Ga18, Corollary 4.12] proved (6.2) Tor
Combining all these facts, we get the following.
Theorem 6.1. Let λ ∈ P n , p = p(λ) and r = r(λ). As k[S n ]-modules,
We note that M(x λ ) is isomorphic to a k[S n ]-module known as a permutation module [Sa01, §2.1].
Corollary 6.2. Let I be a symmetric shifted ideal. Then as k[S n ]-modules
In the rest of this section, we explain how Corollary 6.2 is useful to write down Betti numbers of symmetric shifted ideals. To do this, we identify S λ with the Ferrers diagram corresponding to partition λ. Also, for simplicity, we write
By Corollary 6.2, the k[S n ]-module structure of Tor(N λ , k) only depends on p(λ), r(λ) and λ p(λ) . We write
. . , x n ] be the monomial ideal generated by all squarefree monomials of degree r. As we already mentioned in (6.2), we have
for all i. Here we check that our formula in Corollary 6.2 coincides with this. In this case, Λ(I) = {(0 n−r , 1 r )}. Let λ = (0 n−r , 1 r ). Then since info(λ) = (0, r, ∅), we have Example 6.4. Let I = J
[n],r be the second symbolic power of the squarefree Veronese ideal with n r + 1. Then Λ(I) = {λ, µ}, where λ = (0 n−r−1 , 1 r+1 ) and µ = (0 n−r , 2 r ). Using info(λ) = (0, r + 1, ∅) and info(µ) = (n − r, r, (0 n−r )), we obtain The equivariant Betti table of N λ and N µ when n = 6 and r = 3 are:
The equivariant Betti table of I is given by the sum of the two tables above as follows:
↑6
Example 6.5. Let I = I
n,r be the third symbolic power of the squarefree Veronese ideal with n r + 2. Then Λ(I) = {λ, µ, ρ} with λ = (0 n−r−2 , 1 r+2 ), µ = (0 n−r−1 , 1, 2 r ), ρ = (0 n−r , 3 r ). Using that info(λ) = (0, r + 2, ∅), info(µ) = (n − r − 1, r, (0 n−r−1 )) and info(ρ) = (n − r, r, (0 n−r )), we have Symmetric shifted ideals give a class of S n -fixed monomial ideals having linear resolutions. However, we do not know if there is an S n -fixed monomial ideal which is not shifted but has a linear resolution. This prompts the following: Problem 7.3. Find a combinatorial characterization of S n -fixed monomial ideals having linear resolutions.
